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The recent discovery of gravitational waves from mergers of ∼ 10M black hole binaries has
stimulated interested in Primordial Black Hole dark matter in this mass range. Microlensing and
dynamical constraints exclude all of the dark matter being in compact objects with a delta function
mass function in the range 10−7 . M/M . 105. However it has been argued that all of the
dark matter could be composed of compact objects in this range with an extended mass function.
We explicitly recalculate the microlensing and dynamical constraints for compact objects with an
extended mass function which replicates the PBH mass function produced by inflation models. We
find that the microlensing and dynamical constraints place conflicting constraints on the width of
the mass function, and do not find a mass function which satisfies both constraints.
I. INTRODUCTION
Primoridal black holes (PBHs) can form in the early
Universe via the collapse of large density perturba-
tions [1, 2] produced by a period of inflation [3]. PBHs
with mass M & 1015 g will not have evaporated by the
present day [4]. Since PBHs form before nucleosynthe-
sis they are non-baryonic and are therefore a cold dark
matter candidate [5]. There are various, mass dependent,
constraints on the abundance of PBHs, from their lensing
and dynamical effects, and also their effects on various
astrophysical objects and processes. See Refs. [5–7] for
compilations of these constraints.
Ref. [5] has highlighted three mass windows (at 1016−
1017 g, 1020 − 1024 g and 1− 103M) where PBHs could
potentially make up all of the dark matter. The ob-
servational constraints on the abundance of PBHs are
usually calculated assuming a delta function mass func-
tion, and exclude all of the dark matter being in PBHs
of any single mass. Refs. [5, 8] have pointed out that an
extended mass function, as is expected to be produced
from the collapse of large inflationary density perturba-
tions [9, 10], might still be compatible with all of the
observational constraints. The constraints calculated as-
suming a delta function mass function can not be di-
rectly applied to an extended mass function however. In
this paper we explicitly recalculate the constraints for
extended mass functions which mimic those expected for
PBHs produced by the collapse of inflationary density
perturbations. We focus on the intermediate black hole
mass range, 1−103M, since there has been much recent
interest in PBHs of this mass [11–13] in light of the dis-
covery of gravitational waves from ∼ 10M BH binaries
by LIGO [14].
In Sec. II we review the microlensing [15] and dynami-
cal [16] constraints on intermediate mass (1 .M/M .
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103 MAssive Compact Halo Objects. In Sec. III we re-
calculate these constraints for extended differential halo
fractions (DHFs) which mimic the DHFs found for PBHs
produced from the collapse of large inflationary density
perturbations in Ref. [5]. Finally we conclude with dis-
cussion in Sec. IV.
II. CONSTRAINTS
We will consider the same two constraints considered
in Ref. [5] for intermediate mass PBHs: microlensing [15]
and dynamical heating of star clusters/ultra-faint dwarf
galaxies [16]. There are other constraints on compact
objects of this mass. Disruption of wide binaries exclude
halo fractions, f = ρMACHO/ρDM, greater than unity for
M & 100M [17–20]. However these constraints require
assumptions about the initial distribution of the semi-
major axes of the binaries, and also the smallest MA-
CHO mass for which a delta function mass function is
excluded depends on what sub-set of binaries is consid-
ered [20]. The X-rays emitted due to accretion of gas
onto multi-Solar mass PBHs would produce measurable
changes in the spectrum and anisotropies of the Cos-
mic Microwave Background radiation [21, 22]. However
Ref. [11] argues that there are significant uncertainties as-
sociated with modelling the complex physical processes
involved. The strong gravitational lensing of extragalac-
tic fast radio bursts will place tight limits on MACHOs
in this mass range in the future [23].
A. Microlensing
Microlensing is the temporary amplification of a back-
ground star which occurs when a compact object passes
close to the line of sight to the background star [24]. A
microlensing event occurs when a compact object passes
through the microlensing ‘tube’, which has a radius of
uTRE where uT ≈ 1 is the minimum impact parame-
2ter for which the amplification of the background star
is above the required threshold and RE is the Einstein
radius:
RE(x) = 2
[
GMx(1− x)L
c2
]1/2
, (1)
where L is the distance to the source, M is the MACHO
mass and x is the distance of the MACHO from the ob-
server, in units of L [24]. The distance to the LMC is
much greater than its line of sight depth, so all of the
source stars can be assumed to be at the same distance
(∼ 50 kpc) and the angular distribution of sources ig-
nored. For a non–delta function mass function ψ(M),
defined so that the fraction, f , of the total mass of the
halo in the form of MACHOs is
f =
∫ ∞
0
ψ(M) dM , (2)
the differential event rate is [25–27] 1:
dΓ
dtˆ
=
32LuT
tˆ4vc2
∫ ∞
0
[
ψ(M)
M
∫ xh
0
ρ(x)R4E(x)e
−Q(x)dx
]
dM ,
(3)
where tˆ is the time taken to cross the Einstein diam-
eter, xh ≈ 1 is the extent of the halo and Q(x) =
4R2E(x)u
2
T/(tˆ
2v2c ), where vc = 220 km s
−1 is the local cir-
cular speed.
Microlensing analyses usually assume a standard halo,
which consists of a cored isothermal sphere:
ρ(R) = ρ0
R2c +R
2
0
R2c +R
2
, (4)
with local dark matter density ρ0 = 0.0079Mpc−3, core
radius Rc ≈ 5 kpc and Solar radius R0 ≈ 8.5 kpc. Eq.(3)
then becomes [27]
dΓ
dtˆ
=
512ρ0(R
2
c +R
2
0)LG
2uT
tˆ4vc2c4
×
∫ ∞
0
[
ψ(M)M
∫ xh
0
x2(1− x)2
A+Bx+ x2
e−Q(x)dx
]
dM , (5)
where A = (R2c + R
2
0)/L
2, B = −2(R0/L) cos b cos l and
b = −33◦ and l = 280◦ are the galactic latitude and
longitude, respectively, of the LMC.
The expected number of events, Nexp, is given by
Nexp = E
∫ ∞
0
dΓ
dtˆ
(tˆ) dtˆ , (6)
where E is the exposure in star years and (tˆ) is the
detection efficiency i.e. the probability that a microlens-
ing event with duration tˆ is detected. For the EROS-
2 survey E = 3.77 × 107 star years. The detection
1 This expression assumes a a spherical halo with an isotropic ve-
locity distribution and ignores the transverse velocity of the mi-
crolensing tube, which has a small effect on the differential event
rate [25].
FIG. 1. The constraints on the halo fraction, f , of MACHOs
as a function of mass, M , for a delta function mass func-
tion. The green solid line is a digitisation of the result from
the EROS-2 microlensing survey (bottom panel of Fig. 15 of
Ref. [15]) and the black dotted line is our implementation
of their constraint, as described in the text. The published
EROS-2 limit stops at f ∼ 0.6 because they only plot the limit
for halo fractions in the range 0 < f < 0.6. The short red
and long blue dashed lines are from the disruption of the star
cluster in Eridanus II and the heating of ultra-faint dwarfs
respectively [16]. See the text for details
efficiency, in terms of Einstein radius crossing time, is
given in Fig. 11 of Ref. [15] (and as stated in the figure
caption is multiplied by a factor of 0.9 to take into ac-
count lensing by binary lenses). No events were observed
and the EROS collaboration calculate constraints on the
halo fraction, f , for a delta function mass function (i.e.
with ψ(M) = δ(M)) by finding the value of f for which
Nexp = 3.0. Their results, from Fig. 15 of Ref. [15], are
shown in Fig. 1 along with our implementation of their
constraints. Our constraints are in good agreement with
theirs for −3 < log10 (M/M) < 1. Tighter constraints
can be obtained for log10(M/M) < −3 by considering
the EROS-1 and MACHO data [28], however these data
do not place tighter constraints on the multiple Solar
mass PBHs that we are interested in. Marginally tighter
constraints could be obtained for log10(M/M) > −2 by
also considering the EROS-2 SMC data. However the
one observed event is consistent with expectations from
self-lensing (i.e. lensing by objects in the SMC itself) [29].
B. Dynamical constraints
Ref. [16] showed that MACHOs with M & 5M dy-
namically heat the stars in star clusters or ultra-faint
dwarf galaxies causing the half-light radius, rh, to evolve
with time as
drh
dt
=
4
√
2piGfM
σ
ln Λ
(
α
M?
ρr2h
+ 2βrh
)−1
, (7)
3where σ is the MACHO velocity dispersion, M? is the to-
tal stellar mass, ρ is the total dark matter density, α and
β are parameters that depend on the mass distribution
and ln Λ is the Coulomb logarithm
ln Λ ≈ ln
(
rhσ
2
G(M +M)
)
. (8)
We follow Ref. [16] and take α = 1 and β = 10.
Ref. [16] found the constraints on the MACHO halo
fraction, f , as a function of MACHO mass, M , from the
disruption of the M? = 3000M star cluster [30] at the
centre of Eridanus II [31, 32] and also from the observed
sizes of the compact ultra-faint dwarf galaxies [31–34].
For the star cluster they found the constraints from re-
quiring that
1. the timescale for the half-light radius to grow from
rh,0 = 2 pc to the observed value, rh = 13 pc, is
larger than the cluster age,
2. the timescale for the cluster to double in area is less
than the cluster age.
In each case they considered two ages for the cluster, 3
and 12 Gyr which are at the lower and upper ends of
the plausible range of values, and two different values
for the dark matter density and velocity dispersion (1
& 0.02M pc−3 and 5 & 10 km s−1 respectively). For
the ultra-faint dwarfs they found the constraints from
requiring that
1. the timescale to grow from rh,0 = 2 pc to the ob-
served value, rh = 30 pc, is less than 10 Gyr,
2. the timescale to double in area is less than 10 Gyr,
for ρ = 1M pc−3 and σ = 5 & 10 km s−1. Apart from
for the low density cases, ρ = 0.02M pc−3, the Eri II
star cluster disruption constraints are tighter than the
ultra-faint dwarf constraints. However, as discussed in
Ref. [16], it is possible that the star cluster constraints
can be evaded, for instance if the star cluster has only
recently inspiraled to the centre of Eri II, or if the star
cluster’s apparent position at the centre is a projec-
tion effect. The ultra-faint dwarf constraints are there-
fore more robust. We consider the tightest constraint
from the Eri II star cluster (which comes from consider-
ing the timescale for the half-light radius to grow from
rh,0 = 2 pc to rh = 13 pc and setting ρ = 1M pc−3
and σ = 5 km s−1) and the weakest ultra-faint dwarf
constraint (which comes from considering the timescale
to grow from rh,0 = 2 pc to rh = 30 pc and setting
ρ = 1M pc−3 and σ = 5 km s−1). These constraints
are shown in Fig. 1.
Finally, generalising the dynamical heating calculation
to a non-delta function mass function, Eq. (7) becomes
drh
dt
=
4
√
2piG
σ
(
α
M?
ρr2h
+ 2βrh
)−1 ∫ ∞
0
ψ(M)M ln Λ dM .
(9)
III. EXTENDED MASS FUNCTIONS
As can be seen from Fig. 1, together the microlens-
ing and dynamical constraints exclude MACHOs with a
delta function mass function in the mass range 10−3 <
M/M < 104 making up all of the dark matter (f = 1).
However it has recently been pointed out that for mass
ranges where a delta function mass function with f = 1
is excluded an extended mass function might still satisfy
all of the constraints [5]. For PBHs produced from the
collapse of large inflationary density perturbations an ex-
tended mass function is expected, due to the spread in
masses produced by critical collapse [9] and also, poten-
tially, from a spread in formation times [10]. However,
as emphasised in Ref. [5], an extended DHF can not be
confronted with the observations by simply comparing it
directly with the constraints on the halo fraction calcu-
lated for a delta function. For instance if a constraint is
independent of M , f(M) < flim, in the range M1 to M2,
the integral of the DHF over this mass range must be less
than flim, and it is not possible to have f(M) ∼ flim for
MACHOs with multiple masses within this range.
Ref. [5] presents a technique for applying mass depen-
dent PBH abundance constraints calculated assuming a
delta function halo fraction to extended DHFs. They
divide the relevant mass range into bins. First they in-
tegrate the extended DHF within the lowest mass bin
and compare the result with the weakest bound on f for
a delta function halo fraction in this mass range. They
then repeat the process for the first and second bins, first
to third bins and so on until the whole mass range for
which f < 1 has been covered. For the constraint on the
upper part of the mass range the process is reversed i.e.
first they integrate the extended DHF within the highest
mass bin and compare the result with the weakest bound
on f for a delta function mass function in this mass range.
This process underestimates the strength of the con-
straint, since apart from at one edge of the bin the obser-
vational constraint is actually stronger than the consid-
ered value. If a DHF is excluded by this process it is defi-
nitely excluded, however some DHFs that are allowed by
this method will in fact violate the constraint, and hence
be excluded. For instance, some DHFs which are allowed
when confronted with the microlensing delta function
constraints using this method in fact produce Nexp > 3
microlensing events, and are hence excluded. Conversely
comparing the integral of the extended DHF with the
tightest bound on f for a delta function halo fraction
would overestimate the strength of the constraint. In
that case a DHF which was allowed would definitely be
allowed, however DHFs that were ruled out might actu-
ally be consistent with the constraint.
To explicitly demonstrate this, we consider the EROS-
2 microlensing limit in the mass range 10−2 < M/M <
10−1, where the constraint on the halo fraction for a
delta function mass function is tightest and has the weak-
est mass dependence. The requirement that there are
Nexp < 3 microlensing events in the EROS-2 survey leads
4FIG. 2. The PBH DHF, df/dM , for the axion-curvaton (red
dotted line) and running mass (blue dashed) inflation models
from Ref. [5]. The black lines are the least squares fit of the
functional form Eq. (10) to these DHFs. In all cases the DHFs
integrate to unity (i.e. all of the halo dark matter is in the
form of PBHs).
to the limit f < 0.036 for M = 10−2M , while for
M = 10−1M, f < 0.053. We consider a top-hat ex-
tended mass function which is flat for 10−2 < M/M <
10−1 and zero elsewhere. If the amplitude is fixed so
that f = 0.053 i.e. to match the weakest constraint on
f in this mass range (as in the method presented in
Ref. [5]) then the number of microlensing events expected
isNexp = 3.6, which exceeds the limit. This confirms that
that the method presented in Ref. [5] under-estimates the
strength of the constraint. The largest halo fraction al-
lowed for the top-hat extended DHF is in fact f = 0.044,
which is close to the mean of the values for a delta func-
tion mass function with mass at the upper and lower ends
of the mass range considered.
Using the weakest value of the delta function limit
leads to larger errors in mass regions where the delta
function halo fraction limit varies rapidly with mass. It
might be possible to devise a reliable way of applying the
limits calculated for a delta function to extended DHFs
in these regions, for instance by comparing with the ap-
propriately mass-weighted average of the delta function
limit. However to definitively ascertain whether or not a
DHF is consistent with a given constraint, it is necessary
to explicitly recalculate the constraint for that DHF.
Fig. 6 of Ref. [5] shows two PBH DHFs, originating
from axion curvaton (AC) and running-mass (RM) in-
flation, which they find satisfy the EROS-2 microlens-
ing and dynamical constraints using their method. Us-
ing the expressions in Sec. II A, for the number of mi-
crolensing events produced by an extended DHF, we find
that these DHFs would have produced 5.5 (AC) and 4.1
(RM) microlensing events in the EROS-2 survey. There-
fore they are both excluded by the EROS-2 microlensing
constraint alone. Integrating Eq. (9) we find that these
extended DHFs would produce excessive heating of the
FIG. 3. Constraints on the width, σ, of the DHF func-
tional form, eq. (10), as a function of the central mass Mc.
Parameter values in the red hatched area in the bottom left
produce Nexp ≥ 3 microlensing events in the EROS-2 survey
and are excluded at 95% confidence. The blue hatched area in
the top right is excluded by the heating of ultra-faint dwarfs.
The constraint from the disruption of the star cluster in Eri
II is tighter and excludes a large region of parameter space
Eri II star cluster within 1.1 (AC) and 0.7 Gyr (RM) and
of ultra-faint dwarf galaxies within 5.8 (AC) and 3.8.Gyr
(RM). Therefore these two DHFs each produce too many
microlensing events and also excessively heat ultra-faint
dwarfs, and are hence excluded by both constraints indi-
vidually.
In order to explore whether extended DHFs can sat-
isfy both the microlensing and dynamical constraints we
consider a functional form for the DHF
ψ(M) ≡ df
dM
= N exp
[
− (logM − logMc)
2
2σ2
]
. (10)
where N is a normalisation constant chosen so that the
DHF is normalised to unity 2. The least squares fits of
Eq. (10) to the axion curvaton and running-mass inflation
DHFs from Ref. [5] are shown in Fig. 2. The numbers
of microlensing events and disruption time-scales for the
best-fit functional forms differ from those of the original
DHFs by less than 10%, indicating that Eq. (10) is a
reasonable approximation to the PBH DHF produced by
these inflation models.
Fig. 3 shows the σ and Mc values excluded by mi-
crolensing and the weakest ultra-faint dwarf heating con-
straint. The requirement that the DHF produces Nexp ≤
3 microlensing events in the EROS-2 survey places a
lower limit on σ for Mc < 30M, i.e. narrow DHFs
2 A log-normal distribution only differs from this functional form
at the per-cent level for the values of M for which df/dM is non-
negligible, and does not provide a better fit to the DHFs from
Ref. [5]. It also has the disadvantage that the value of its mode
depends on both Mc and σ.
5FIG. 4. The differential PBH halo fraction, df/dM , for the
axion-curvaton (dotted red line) inflation model from Ref. [5]
compared with the broadest differential halo fraction, cen-
tered at the same mass, which satisfies the ultra-faint dwarf
disruption constraint (solid green) and the narrowest differ-
ential halo fraction which satisfies the EROS-2 microlensing
constraint (dashed black).
are excluded. On the other-hand the dynamical heat-
ing constraints place an upper limit on σ (i.e. broad
halo DHFs are excluded), and for the weakest ultra-faint
dwarf constraint a delta function mass function is ex-
cluded for M > 12M. These two competing constraints
on the width of the DHF overlap, and there is no width
and central mass for which both constraints are satis-
fied. For the tightest Eri II star cluster constrain a delta
function halo function is excluded for M > 1.5M and
the overlap between the microlensing and dynamical con-
straints is even larger.
To illustrate the conflict between the constraints, in
Fig. 4 we compare the PBH DHF from the axion cur-
vaton inflation model from Ref. [5], with the broadest
DHF (centered at the same mass) which satisfies the
ultra-faint dwarf disruption constraint and the narrowest
DHF which satisfies the EROS-2 microlensing constraint.
The axion curvaton DHF is significantly broader than
the broadest DHF which satisfies the ultra-faint dwarf
disruption constraint and significantly narrower than the
narrowest DHF which satisfies the EROS-2 microlensing
constraint. It is therefore clearly excluded by both con-
straints.
IV. DISCUSSION
Microlensing surveys [15, 28] constrain the halo frac-
tion of MACHOs with 10−7 < M/M < 10, while dy-
namical heating constraints are sensitive to M/M &
10 [16]. Together they exclude MACHOs with 10−7 <
M/M < 105 and a delta function mass function from
making up all of the dark matter. However Refs. [5, 8]
have pointed out that MACHOs with an extended mass
function, as expected for PBHs formed from the collapse
of large inflationary density perturbations [9, 10], might
be compatible with these constraints. Furthermore inter-
est in PBHs with M ∼ 10M [11–13] has recently been
stimulated by the discovery of gravitational waves from
massive black hole mergers by LIGO [14].
We have explicitly calculated the microlensing and dy-
namical constraints for the DHFs found for PBHs pro-
duced by two inflation models in Ref. [5] and also for a
variable width DHF which replicates their shape. The
DHFs studied in Ref. [5] both produce Nexp > 3 mi-
crolensing events in EROS-2 and also cause excessive dy-
namical heating of ultra-faint dwarf galaxies. In gen-
eral we find that the dynamical constraints place a (cen-
tral mass dependent) upper limit on the width of the
DHF (i.e. wide distributions are excluded), while the mi-
crolensing constraints place a (central mass dependent)
lower limit on the width of the DHF (i.e. narrow dis-
tributions are excluded). These constraints overlap and
there are no parameter values which satisfy both the mi-
crolensing limt and the weakest ultra-faint dwarf heating
limit.
We have not proved that there is no extended DHF,
with all of the dark matter in compact objects in a single
mass range, which can satisfy both the microlensing and
dynamical constraints. However we have shown that
• to ascertain whether an extended DHF satisfies the
microlensing and dynamical constraints it is neces-
sary to recalculate the limits for the specific mass
function, rather than using the limits derived for a
delta function mass function,
• generic DHFs, which replicate the PBH distribu-
tions produced by inflation models, can not simul-
taneously satisfying the EROS-2 microlensing con-
straint and also the weakest ultra-faint dwarf heat-
ing limit.
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